Introduction
To add to the chorus of praise by referring to my own experience would be of little interest, but I am in no way forgetting the facilities for work provided by the Institut des HautesÉtudes Scientifiques (IHES) for so many years, particularly the constantly renewed opportunities for meetings and exchanges. While there have been some difficult times, there is no point in dwelling on them.
One of the great virtues of the institute was that it erected no barriers between mathematics and theoretical physics. There has always been a great deal of interpenetration of these two areas of interest, which has only increased over time. From the very beginning Louis Michel was one of the bridges due to his devotion to group theory. At present, when the scientific outlook has changed so greatly over the past forty years, the fusion seems natural and no one wonders whether Connes or Kontsevich are physicists or mathematicians. I moved between the two fields for a long time when to do so was to run counter to the current trends, and I welcome the present synthesis.
Alexander Grothendieck dominated the first ten years of the institute, and I hope no one will forget that. I knew him well during the 50s and 60s, especially through Bourbaki, but we were never together at the institute-he left it in September 1970 and I arrived in July 1971. Grothendieck did not derive his inspiration from physics and its mathematical problems. Not that his mind was incapable of grasping this area-he had thought about it secretly before 1967-but the moral principles that he adhered to relegate physics to the outer darkness, especially after Hiroshima. It is surprising that some of Grothendieck's most fertile ideas regarding the nature of space and symmetries have become naturally wed to the new directions in modern physics. It is this unexpected marriage-and its occasionally comical aspects-that I would like to talk about here. "A mad day's work", as you know, is the subtitle given to The Marriage of Figaro by Beaumarchais. From a certain distance there is less cause for astonishment; the concepts of space and symmetry are so fundamental 1 After the collapse of the two central empires, Europe was agitated by a number of revolutionary movements: Rosa Luxemburg and the Spartakists in Berlin in 1919, the Munich Soviets, Bela Kun's revolution in Hungary. To these we may add the various events of the Russian Civil War, one of them being the Makhno movement 2 in Ukraine. Grothendieck's father participated in all these movements.
During the 1920s he lived mostly in Germany, participating in the political and armed clashes of the leftist parties against Hitler and his Nazis. In Germany he met Hanka Grothendieck, a Jewish woman from the north of Germany. 3 In Berlin on March 28, 1928, she had a son by Shapiro, the hero of our story. I know very little about her previous child, an elder sister to Alexander. But very soon Hitler came to power. After 1933 Germany was too dangerous for revolutionary Jews, and the couple fled to France, leaving their son hidden in a libertarian private boarding school near Hamburg.
In 1936 the Spanish Civil War broke out. Shapiro, like Simone Weil (sister of the mathematician André Weil), joined the anarchist militias of the F.A.I. in the struggle against Franco's Fascists. Hanka Grothendieck seems to have remained in France during this time. Whatever the case, she sent for her son in 1938. This was the time of the rout of the Spanish Republicans, who fled to the Midi. Refugee camps were opened, some of which became detention camps-I would not go so far as to say concentration camps. At Vernet and at Gurs in the Pyrenées camps were hastily formed to hold temporarily all the "dangerous foreigners": German Jews, Spanish anarchists, and Trotskyites. 4 The declaration of war on September 3, 1939, did nothing to improve the lot of these outcasts, as one can well imagine. After the capitulation in June 1940 many prisons were opened, among them that of André Weil in Rouen, and the Grothendieck family was temporarily out of confinement. Starting in October 1940 the Vichy government of Marshal Pétain promulgated anti-Jewish laws that were also enforced in the unoccupied zone. Shapiro was brought to the Vernet camp, and with other detainees, sent directly to Ausschwitz, where he died in 1942-one of the most shameful episodes in French history.
Grothendieck and his mother survived only with difficulty in anti-Semitic Vichy France. Their salvation came from the Protestant resistance movement in Cévennes. Pastor Trocmé, director of the private Protestant Lyceum in Chambon-sur-Lignon (called Collège Cévenol), transformed this charming vacation resort, frequented by high Protestant society, into a center of both spiritual and military resistance to the Nazi occupiers. 5 Grothendieck was a pupil at Collège Cévenol and was housed at the Swiss Foyer, which gave shelter to proscribed children of all origins.
6 After receiving the "baccalauréat" degree 7 and, I think, with Protestant recommendations, he became a student at Montpellier. It has often been said that he was ahead of his teachers and that he was already exhibiting a taste for extreme generalization in mathematics. He arrived in Paris, having finished his licensure, in the combined some aspects of peasant jacquerie with Ukrainian nationalism. The Spanish anarchists claimed it, rightly or wrongly, as a model of a spontaneous peasant uprising. In the nowindependent Ukraine, Makhno is revered as a national hero, at least by the more nationalist parties.
3 I have often been asked if the name "Grothendieck" is Dutch. The "plattdeutsch" of northern Germany is linguistically close to Flemish. 4 Contrary to frequent claims in French propaganda, these camps functioned from late 1938 on, not starting in September 1939. On the latter date new camps were opened for "enemy nationals". 5 The Wehrmacht never dared to risk going into these mountainous regions, where people prided themselves on having learned the spirit of resistance after the revocation of the Edict of Nantes in 1684! 6 In the 1960s I made the acquaintance of a former teacher at Collège Cévenol who was on the eve of retirement. I arranged a meeting between Grothendieck and his former teacher, which was a very emotional experience for both of them. 7 In French parlance, that is the final exam at high school, giving access to all French universities.
autumn of 1948, equipped with a letter of recommendation toÉlie Cartan 8 from his Montpellier teacher.
Here ends the infancy narrative of the gospel and begins the public career of the prophet. It was to last from 1949 to 1970. It is too well known for me to repeat it, and we may refer to the narrative of Dieudonné, even if it is somewhat brief. We shall mention only that Grothendieck was interested in functional analysis from 1950 to 1957, that his dissertation [7] is a masterpiece, but that the article that had the most subsequent influence was undoubtedly [8] , the point of departure of the geometric theory of Banach spaces. Then, from 1956 to 1970, he completely reworked homological algebra and algebraic geometry. His scholarly career essentially ends at that point.
I would like to try to analyze the reasons for this abrupt end to a career so astonishing and fertile at the age of 42. The reason given was that he had discovered that the Ministry of Defense had been subsidizing the institute. The IHES's finances are less obscure nowadays than they were in the time of Motchane, and, as far as I know, there is still today a modest financial line marked D.R.E.T.
9 In order to understand the vehemence of Grothendieck's reaction, one must take account of his past and the political situation of the time. He is the son of a militant anarchist who had devoted his life to revolution. This was a father of whom he had very little direct knowledge; he knew him mostly through his mother's adulation. He lived as an outcast throughout his entire childhood and was a "displaced person"
10 for many years, traveling with a United Nations passport (also known as a Nanssen passport). He had always been uncomfortable frequenting the "better" places and felt more at ease among the poor, even the impoverished. The solidarity of outcasts had created in him a strong feeling of compassion. He lived his principles, and his home was always wide open to "stray cats". In the end he came to consider Bures a gilded cage that kept him away from real life. To this reason he added a failure of nerve, a doubt as to the value of scientific activity. Starting in 1957 at a Bourbaki Congress, he confided his doubts to me and told me that he was considering activities other than mathematics.
11 One should perhaps add the effect of a well-known "Nobel syndrome". After his dedication at the Moscow Congress in 1966, where he received the Fields Medal, when he was laboring over the last (decisive) stages of the proof of the Weil conjectures and perhaps beginning to perceive that Deligne would be needed to complete in 1974 the program he had set for himself, and perhaps yielding to the pernicious view that sets 40 as the age when mathematical creativity ceases, he may have believed that he had passed his peak and that thenceforth he would be able only to repeat himself with less effectiveness.
The mood of the time also had a strong influence. The disaster that had been the second Viet Nam War from 1963 to 1972 had awakened many consciences. All around him his friends were struggling against the Viet Nam War in great numbers; a significant number of French mathematicians took concrete action and traveled to Hanoi, as he (and I) did. The student uprising of 1968 (in France) was to a large extent the result of this movement. Its anarchist aspect held attractions for him and forced him to admit that he had ceased being an outcast and had become a scientific mandarin. The movement of May 1968 aroused others among the Bourbaki group, such as Chevalley, Samuel, and Godement. The cold war was at its height, and the risk of a nuclear confrontation was very real. The problems of overpopulation, pollution, and uncontrolled development-everything that is now classified as ecology-had also begun to attract attention. There were plenty of reasons to call science into question! He reacted with his impetuous nature and founded the small "Survival" sect. On more than one occasion, he exasperated those who shared his politics with his excesses and his inept tactics.
12 His route is quite close to that of Simone Weil, and political anarchism took on more and more a religious tone in him. But, while Simone Weil's Catholicism was violently anti-Semitic (in 1942!), Grothendieck's Buddhism bears a strong resemblance to the practices of his Hasidic ancestors.
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For a long time he was receptive to all sorts of marginal "hippies", which resulted in his indictment and an absurd trial in 1977 due to a 1945 regulation that made it a misdemeanor to meet with a foreigner. He enjoyed playing the role of a modern Socrates, and was given a suspended sentence of six months in prison and a fine of 20,000 francs. It seems to me that his definitive break with science dates from this incident. He withdrew more and more into his own tent. After 1993 he no longer had a postal address and settled in a hamlet in the Pyrenées. Very few managed to see him there. If I can believe his most recent visitors, he is obsessed with the Devil, whom he sees at work everywhere in the world, destroying the divine harmony and replacing 300,000 km/sec by 299,887 km/sec as the speed of light! He remains, however, the same Grothendieck who contributed to the renown of the IHES during its first ten years of existence. He is the same person to whom we owe the magnificent ideas on space and symmetry that I am now about to develop.
On the nature of space and its points
The central problem is that of the points of space. The debate goes back to Leibniz and Newton. For Leibniz the constituent of all things, both material and spiritual, is provided by monads, which are windowless (we would say they have no internal structure), and the only things that matter are their mutual relationships. Here we seem to recognize the first "definition" given by Bourbaki at the beginning of his discussion of set theory:
A set is composed of elements capable of having certain properties and having certain relations among themselves or with elements of other sets. From this ontological point of view the elements, or points, are pre-existent and the problem is to organize them, to give them a structure. From the physical point of view, one postulates with Newton the existence of an absolute space, in which the phenomena occur: positions are predetermined, destined to be inhabited by the accidents of matter.
In Mach's philosophy, on the contrary, space is determined by matter ; the most advanced mathematical form is certainly furnished by the Einstein gravitational equations:
The right-hand side, T µν , is determined by the matter that happens to be present, or, in more modern form, it is a function of the nongravitational fields, while the left-hand side is a function of only the gravitational field g µν , identified with the metric tensor that defines the geometry. In contrast to Newton's views, the space is no longer a mere receptacle, but an actor in physics, as the bending of light rays in a gravitational field shows. For Mach and Einstein, a point then only appears as a label making it possible to identify an event.
A monad has no structure, nor has a point. The same is true of the atom in the original Greek conceptions. It is indivisible and hence cannot reveal any internal mechanism, has no parts, but that does not prevent its having external characteristics, a size certainly, a shape perhaps.
14 However, the history of physics has gotten us accustomed to Russian doll games, the chemist's molecule being composed of atoms, which themselves possess an electron cloud and a nucleus, the latter being composed of protons and neutrons, which turned out to be sets of quarks, provisionally assumed to be indivisible. On the mathematical level, the modern view of the continuum presupposes only two levels. A straight line, for example, is made up of pre-existent points. The classical view in the eighteenth century assumes, on the contrary, a hierarchy of infinitesimals and infinities of various orders. To a given order the infinitesimals of the immediately higher order appear to be points without structure, until we open the box that they constitute and that reveals infinitesimals of a higher order playing provisionally the role of points. Brouwer, and to a lesser extent Hermann Weyl, attempted to base a mathematical theory of the continuum on these ideas.
The numerous known axiomatic presentations of geometry encounter similar problems. For Euclid there are geometric figures, and a point is merely one element of a figure, the most elementary, perhaps, since it is assumed to have no dimension: neither length, nor breadth, nor thickness. Figures generate one another. A given line D is defined by the property of passing through two given points P and Q, but a point P is defined as the intersection of two lines D and ∆. A circle is defined by giving its center and radius . . . . There is, to be sure, a determinacy property: two lines, or two circles, that have the same points are equal, but it is not in the spirit of Euclid to regard a line as a set of points. A figure in the sense of Euclid is more than a simple set of points. This traditional point of view is genetic: lines are generated. The modern point of view is ontological : points pre-exist and have no identity of their own; like the monads, they are merely subject to relations. The same kind of duality occurs in formal logic. For the syntactical point of view there are basic formulas and rules for generating new ones, which increase the stock 14 We recall the expression hooked atoms, which has passed into current usage.
of available formulas without limit. In the semantic point of view this potential infinity of formulas is opposed by the convenient fiction of the actual infinity of all the formulas, considered to have been constructed once and for all.
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The theory of lattices was invented by Birkhoff and developed by Glivenko during the 1920s, partly in order to provide an axiom system for projective geometry. In this system linear manifolds of all dimensions are placed on the same level. The fundamental relation is incidence (or inclusion): the straight line ∆ lies in the plane Π. After that, we obtain the derived concepts of intersection and join (for example, the plane defined by a point and a line). The natural outcome of this direction is furnished by the combinatorial geometries of Rota and Crapo (also called matroids) [4] . The algebraization of logic by Boole and Venn (in the nineteenth century) is controlled by the same strategy: the basic given is that of a proposition, or assertion, and implication of propositions plays the role of incidence of linear manifolds.
In order to apply the same methods in topology one must describe a space not by its points but by the class of its open sets, the third example of a lattice. It is in the work of Ehresmann that one finds this point of view explicitly, but Brouwer's ideas, reworked and deepened by Weyl in Das Kontinuum, also lead to it. In reflecting on the well-known problem of the infinity of decimal expansions, Brouwer criticized the possibility of affirming the equality of two numbers, 16 but he held that the notion of the open interval ] (if they hold) by a finite process. But the decisive step was taken by Grothendieck. Inspired by Riemann's idea of a surface stacked over the plane, 17 he replaced the open sets of a space X by spaces stacked over it. The same thing can be expressed by considering the category F(X) of sheaves over X. The constructions over topological spaces translate into (and are replaced by) constructions on categories of sheaves. By an additional stage of abstraction Grothendieck, followed by Lawvere and Tierney, proposed an abstract concept of "topos" that was for him the ultimate generalization of the concept of space. But the concept of topos is sufficiently general for the category of "all" sets to constitute a topos. After Cantor and Hilbert, who refused to be driven from Cantor's paradise, it became customary to fit all of mathematics into the framework of the particular topos of sets. Grothendieck claimed the right to transcribe mathematics into any topos whatever. Brouwer and Heyting had long since remarked that the rules of the intuitionistic propositional calculus resemble the rules for manipulation of open sets. This becomes clear in the theory of topos: In any topos T there is a logical object Ω, whose "elements" are the truth values of the topos. When T is the topos of sets, one has the classical values (true/false), but when the topos T is the topos of sheaves over a space X, the truth values correspond to the open sets of X.
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15 In algebra the potential point of view consists of defining a group or an algebra by generators and relations; the actual point of view consists of defining it as a set of elements structured by operations.
16 For the verification presumes that one can verify an infinite number of equalities among the decimal digits.
17 Which gives the definitive interpretation of multi-valued analytic (or holomorphic) functions. 18 This opens the possibility of a logic in which hic and nunc are considered. An attempt has been made, with J. Bénabou, to provide "topical" foundations for legal logic, especially in a situation involving federal or international law.
Toward the concept of spectrum
Let us provisionally accept Grothendieck's point of view on space. A space X is described using the topos F(X) of sheaves over X. What is the role of points? If a is a point of X, one can first associate with it the "filter" U a of open subsets U of X containing a, that is, the open neighborhoods of a.
19 Identifying the point a with the filter U a leads to a fruitful strategy. To enrich the space X, we introduce ideal points in correspondence with other filters. It is in this way that Bourbaki constructs the completion of a uniform space and that various compactifications (such as the Stone-Čech compactification) are defined, as well as various boundaries in potential theory or in the theory of deterministic or stochastic dynamic systems.
A similar point of view prevails in the theory of models in logic. A model M of a set P of propositions has the effect of validating certain propositions A, which one denotes as
M A.
Instead of the model M , one may legitimately consider the class P M of propositions validated by M , which is also a filter. 20 The model is consistent if not all propositions are valid in it. The same thing can be expressed by saying that the model M does not validate simultaneously a proposition A and its negation A. In contrast, the model M is categorical if for each proposition A it validates either A or A. In a categorical model one can then introduce the valuation v(A) (or, more precisely, v M (A)), which has the value 1 if M validates A and 0 otherwise. We have the following algebraic properties:
which can be taken as the definition of a valuation.
21 This concept admits several variants:
1. a valuation on the set of open sets of a space X corresponds to an ultrafilter (of open sets) over X; 2. instead of requiring the valuation v(A) of a proposition to assume only the values 0 and 1, one may postulate more generally that v(A) is a real number between 0 and 1. This is roughly the strategy of "fuzzy" logic.
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We shall now apply a trick that is one of the spectacular successes of twentiethcentury mathematics. Let us again consider an algebra P of propositions 21 Here T (F ) denotes any true (false) proposition. 22 Carathéodory and Kappos used this method to construct an alternative to the axiomatization of probability due to Kolmogorov. Despite the philosophical interest of this method, it is technically more cumbersome than Kolmogorov's approach, especially for the study of stochastic processes.
23 More precisely, a Boolean algebra.
Ω, conjunction and disjunction becoming respectively the intersection and union of sets:
. (4) This is the statement of the Stone representation theorem, a model for many further results.
24 The space Ω is called the Stone space of the Boolean algebra P; we shall call it, somewhat anachronistically, the spectrum of P.
The development of quantum theory during the 1930s and 1940s led to the concept of a state, which is a new embodiment of the concept of a valuation. From now on we assume that the space X is compact, 25 and associate with it the Banach space A = C 0 (X; C) formed of continuous functions with complex values on X, with the norm
One can also introduce the product f 1 f 2 of two functions and the complex conjugate f * of f . A state on A is a linear form η on A satisfying the following rules:
A state η is pure if it is never the mixture η = 1 2 (η 1 + η 2 ) of two distinct states. The Gelfand representation theorem asserts that the formula
defines a one-to-one correspondence between the points a of X and the pure states η of the Banach algebra A. One thus has a means of recovering the space X using the Banach algebra A.
The concept of a filter of a Boolean algebra is the analog of the concept of an ideal in a commutative Banach algebra. In both cases there is an inclusion relation and hence the concept of a maximal filter or ideal.
27 The spectrum of the Boolean algebra P (or the Banach algebra A = C 0 (X; C)) can then be interpreted as the set of maximal filters (or ideals). In number theory the idea of considering the set of prime ideals in the ring O K of algebraic integers in a number field K (a finite algebraic extension of the field Q of rational numbers) is due to Dedekind. For him this set is the arithmetic analog of the set of points of an algebraic curve. Great effort was made during the 1950s to provide the broadest possible foundations to algebraic geometry. The following are two important stages:
1. Consider an algebraically closed field k and an algebraic subvariety X of the affine space k n of coordinates T 1 , . . . , T n . Let a be the ideal of polynomials that vanish identically on X, and let A be the quotient ring k[T 1 , . . . , T n ]/a. The intrinsic geometric properties of X (independent of the immersion of X in k n ) translate into properties of the ring A. In particular, the points of X correspond to maximal ideals of A. (This is the content of the Hilbert Nullstellensatz.) The analogy with the Gelfand representation theorem is obvious; it is one of the points of departure of Serre's theory of algebraic coherent sheaves [11] .
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2. Consider now an affine or projective algebraic variety X 28 defined over a field k. The field k is not assumed algebraically closed, but X is irreducible. One can define the field K = k(X) of rational functions on X and, for each point x of X, the ring O x of rational functions defined at the point x. More generally, if Y is an irreducible subvariety of X, we define the local ring of X along Y , denoted O X,Y . Zariski had developed the theory of these local rings, but it is Chevalley who, in his seminar [2] of 1956, made the collection of O X,Y , which he called the scheme of X (for variable Y ), the basis of the theory. He gave an axiomatic characterization of these schemes. It was necessary to synthesize these points of view and to eliminate the preceding restrictions (where k is algebraically closed or X is irreducible). After various preliminary attempts 29 Grothendieck understood how to define the general notion of scheme using the Zariski topology 30 and a sheaf of local rings. One must, of course, understand that the space Grothendieck associated with an algebraic variety is not the set of its own points, but the set of its irreducible subvarieties. That is the meaning of the word scheme! As for the points, see the next section. Now one final remark on the term spectrum. In physics each type of atom or molecule possesses a characteristic spectrum formed by its emission or absorption lines. Quantum mechanics interprets these as the characteristic values of an operator, the Hamiltonian, acting on a certain Hilbert space. It is thus natural to speak of the discrete spectrum of the Hamiltonian. The emission or absorption bands correspond to a continuous spectrum. In the early 1930s von Neumann succeeded brilliantly in defining the concept of a self-adjoint (unbounded) operator H on a Hilbert space h and its spectrums. The contribution of Gelfand in 1940 was in associating a commutative Banach algebra A with the operator H and an isomorphism of A onto C 0 (S; C). From that point on the evolution of the meaning of the word spectrum can be understood. For Grothendieck the spectrum of a commutative ring consists of its prime ideals (as in the case of Dedekind).
Points and representations
If all points are intrinsically indistinguishable from one another, they can differ only in position. In other words, there exists an archetypal point, of which the other points are representations. Let us translate this idea into more mathematical language. We introduce a space consisting of a single point 1. For each point a of a space X there exists a unique mapping, or representation, of the space 1 into the space X mapping the one point of 1 to the point a of X. Category theory is the mathematical expression of the idea of representation (or transformation). We have a class of objects (or spaces) and transformations f of an object X into an object 28 Or even an abstract variety in the sense of Weil. 29 Serre first considered the set of maximal ideals of a commutative ring A subject to certain restrictions. Martineau then remarked to him that his arguments remained valid for any commutative ring, provided one takes all prime ideals instead of only maximal ideals. I then proposed a definition of schemes equivalent to the definition of Grothendieck. In my dissertation I confined myself to a framework similar to that of Chevalley, so as to avoid an excessively long exposition of the preliminaries! Y , with the possibility of composing these transformations. The "idea" of category theory is to consider only spaces and transformations rather than points. However, in the majority of categories there exists an object such as 1 characterized by the fact that there is exactly one transformation from X into 1, whatever the object X. One can thus call any transformation of 1 into X a point of X, but it may very well happen that an object has no points in this sense.
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Let us examine the case of Boolean algebras. We take as basic operations in a Boolean algebra P the conjunction A∧B and the disjunction A∨B. The comparison relation A ≤ B is indeed synonymous with A = A ∧ B and also with B = A ∨ B. A representation f of one Boolean algebra P into another P is a mapping f of P into P that obeys the rules
. (8) There exists a Boolean algebra, denoted 1, which is composed of two elements 0 and 1 with the rules
from which follows 0 ≤ 1. For every Boolean algebra P there is one and only one representation of 1 in P, and the valuations of P are the representations of P into 1. To conform to the general scheme described above, we use the procedure of dualization or "arrow reversal". We call a "representation" of P into P a "noitatneserper" of P into P. The spectrum of P is then the set of noitatneserpers of 1 into P. The necessity of reversing the sense of the arrows shows up more clearly in the case of the Gelfand representation. If X and Y are compact spaces, every continuous mapping u of X into Y defines in the inverse sense a representation u * of the algebra B = C 0 (Y ; C) into the algebra A = C 0 (X; C). Conversely, every representation Φ 34 of the algebra B into the algebra A arises from a unique continuous mapping u from X into Y via the formula Φ = u * . Corresponding to the one-point space is the algebra C of complex numbers, and the space X can be interpreted as the set of representations of the algebra A = C 0 (X; C) into the algebra C. More generally, if A is a commutative Banach algebra with unit 1, the pure states of A are the representations of A into C, which gives a new interpretation of the spectrum of A.
Algebraic geometry had long encountered the problem of equations having no solutions, that is, spaces having no points. Let us consider for example an imaginary circle in the plane; one may assume that its equation is written as
To be sure, if the real number a = 0 is given, there is no point with real coordinates x and y satisfying (9) . The complex numbers were invented to provide solutions to such equations. In Grothendieck's point of view, one first introduces the quotient 31 For example, in the category of bundles over a fixed base S the "points" of a bundle E are global sections. Many interesting bundles have no such section. The Hopf bundle (the sphere S 3 of dimension 3, fibered over S 2 with fibers homemorphic to S 1 ) has none. For physicists the Hopf bundle is the Dirac monopole.
32 The relation (4) can thus be interpreted in terms of representation of Boolean algebras. 33 If we interpret 1 in the usual manner as the value "true" and 0 as "false", this Boolean algebra gives universal rules for the manipulation of true and false. 
. The circle Γ of (9) is then the spectrum of the ring O, that is the set of its prime ideals. The complex solutions of (9), in other words the complex points of the circle Γ, correspond to the R-linear representations of O into C. This suggests that we introduce, for each commutative algebra A over R, the set Γ(A) of R-linear representations of O into A, which we shall call the A-points of Γ. The "real" circle Γ (that is, the circle whose equation has real coefficients) has no R-points, but it has plenty of C-points. In the case of an arbitrary scheme, the consideration of the A-points for all commutative algebras makes it possible to invoke a familiar situation.
35 For example, if G is a group scheme, the A-points form a group G(A), in the standard sense, for any A.
Consideration of the topos F(X) of sheaves on a topological space X makes it possible, following Grothendieck, to give another extension of the notion of a point. If X and Y are two topological spaces and u a continuous mapping of X into Y , we associate with u a covariant functor u * and a contravariant functor u * . If F is a sheaf over X and G a sheaf over Y , then u * F is a sheaf over Y and u * G a sheaf over X. One can easily describe u * F by the formula
for any open set V in Y . Moreover, the functors u * and u * are adjoints, which means that the representations F → u * G of sheaves over X are in one-to-one correspondence with the representations u * F → G of sheaves over Y . This property contains an implicit characterization of the functor u * . The topos Set of sets can be regarded as the topos of sheaves over a space reduced to a point. According to what has just been said, the choice of a point a of a topological space X therefore defines two adjoint functors:
The functor a * associates with each sheaf over X its fiber 36 at the point a. This circumstance explains why Grothendieck and Deligne spoke interchangeably of "point" or "fiber functor".
Toward non-commutative geometry
We continue to pursue the theme of spaces without points, or with too few points. Consider, for example, a group G, assumed discrete, operating on a space * reduced to a single point. What can be said about the space of orbits of G in the space * ? 35 This idea actually goes back to André Weil [13] , who introduced it into differential geometry. For example, if A has base 1, ε over R with ε 2 = 0, the A-points of a variety X are the points of the tangent bundle T X to X. More generally, the spaces of jets are handled in this way. In my 1958 dissertation I introduced a similar idea for algebraic groups, which made it possible for me to handle efficiently what are known as inseparable isogenies. The question involves representations f : G → H of algebraic groups that are bijections or points, yet not isomorphisms. By point I mean the k-points, where k is the base field assumed to be algebraically closed and of characteristic p > 0.
36 By definition it is the inductive limit of the sets F (U ) when U ranges over all open neighborhoods of a.
At first sight there is only one orbit, and the group G has disappeared. However, three more subtle answers are known:
1. According to Armand Borel [1] , one should not distinguish two homotopically equivalent spaces. The space * is therefore replaced by a contractible space EG on which G operates freely. The space of orbits of G in * is then interpreted as the base BG = EG/G of EG considered as a principal bundle with group G. More generally, if the group G operates on a space X, the "true" orbit space, denoted X//G, is the quotient of X × EG by the diagonal action of G. What has just been described is the classifying space method. 2. According to Grothendieck [T] one considers the topos E G of sets on which the group G operates. These G-sets are to be interpreted as sheaves over the mythical space of orbits of G in * . In view of the preceding construction, one may call E G the classifying topos of G, since BG is called the classifying space of G. More generally, let us assume that the group G operates continuously on a topological space X. One can define the naive space of orbits X/G, but it may happen that the space X/G is pathological and has only "trivial" open sets (the entire space and the empty set). 37 In this case the information provided by the sheaves over X/G will treat this space as a single point. In that case Grothendieck proposed replacing the sheaves over X/G by the sheaves F over X, with the compatible action of G over X and F . The topos F(X/G) is replaced by the topos F(X; G) of G-equivariant sheaves over X.
The classifying space BG has homology groups, which are precisely the homology groups of the group G in the algebraic sense. The sheaf cohomology techniques have a generalization to topos. Applied to the topos F(X; G), they provide the definition of equivariant cohomology groups for the G-space X. They can be interpreted as cohomology groups for the nonexistent space X/G. 3. We shall now describe the method of Alain Connes [NC] . On a discrete space X having a finite number of points, a bundle F of vector spaces over X is precisely the set of fibers (F a ) a∈X , and the sections of F form the vector space Γ(F ) = ⊕ a∈X F a . The algebra C X of functions on X operates on this space by multiplication. In Hilbertian analysis, we thus have the following translations: (a) a bundle over a locally compact space X corresponds to an involutive representation 38 of the algebra C 0 ∞ (X; C) of continuous functions on X that vanish at infinity; (b) a group action 39 of G corresponds to a unitary representation of the group G in a Hilbert space.
37 As a simple example, X is a circle and G consists of the rotations through an angle nθ, where n is an arbitrary integer and θ/2π is irrational.
38 If A is a C * -algebra and h a Hilbert space, an involutive representation of A in h is a linear mapping π : A → L(h) such that
The set of bounded linear operators on h is denoted L(h). 39 The group G is assumed locally compact. In particular, it may be discrete.
To each locally compact group G, as is known, one can associate 40 a C * -algebra C * (G) such that the unitary representations of G correspond to the involutive representations of C * (G). In Connes' perspective this algebra C * (G) corresponds to the classifying space BG. When the group G is commutative with Pontryagin dual G, the C * -algebras C * (G) and C 0 ∞ ( G; C) are isomorphic. One would thus expect some close connections between BG and G, and such is indeed the case if G = Z n , whence BG = G = U (1) n . It should be noted, nevertheless, that BG is defined only up to a homotopy, while G is defined uniquely.
Returning to the case of a group G acting on a space X, we find that the analog of a G-equivariant bundle (or sheaf ) over X is provided by a compatible pair of representations, one of C 0 ∞ (X; C), the other of G, on the same Hilbert space. It is known how to define a C * -algebra C * (X; G) whose involutive representations correspond to the pairs described above. This algebra plays the role of the algebra of continuous functions on the space of orbits of G in X.
One can handle the case of foliations similarly. We summarize the situation in the following diagram:
Topos of G-sets
The two theories are unified by the groupoid concept. Groupoids are generalizations of groups, and a considerable portion of the machinery of groups extends to them. Hence, in particular, we have the notion of G-set and the C * -algebra C * (G) (if G is locally compact). The C * -algebra C * (X; G) is precisely the C * -algebra C * (G), where G is a locally compact groupoid constructed from the action of G on X. The other cases are similar.
We have the following natural concepts of equivalence:
1. homotopy, for topological spaces; 2. topos equivalence; 3. Morita equivalence for C * -algebras.
The "topological" invariants must be compatible with these equivalences. The "pathological" character of the action of a group or foliation is translated as the fact that the associated topos (or C * -algebra) is not equivalent to that of an ordinary space. In the case of a C * -algebra, this is translated as the fact that it is not equivalent in the sense of Morita to a commutative C * -algebra, in other words, that it is essentially noncommutative. One can now understand the sense of the expression "noncommutative geometry". A comparison between the points of view 40 The space of functions on G that are integrable in the sense of Lebesgue with respect to Haar measure is denoted L 1 (G). This space is a Banach algebra with convolution as the multiplication. A state η on L 1 (G) is a continuous linear functional of norm 1 on L 1 (G) such that η(f * f * ) ≥ 0 for any f ∈ L 1 . The spectral norm is defined as the least upper bound f S of the numbers η(f * f * ) 1/2 as η ranges over the set of states. The algebra C * (G) is then obtained as the completion of L 1 (G) in the spectral norm.
of Grothendieck and Connes has barely been sketched out (see the paper [12] of J. Tapia).
What are the points of a generalized space? We defined the points of a topos in Section 5. The points of a C * -algebra are equivalence classes of irreducible involutive representations. 41 
Internal symmetries
We begin to suspect that not all points are alike-there are several species of monads. The question thus arises of finding out whether a point can have symmetries. Let us consider the simple case of a finite group G operating on a compact manifold X and the naive space of orbits X/G. If ξ is the orbit G · x of a point x of X, there are numerous reasons to consider that the stabilizer 42 G x of x in G is the symmetry group of the point ξ of X/G. In particular, the naive point of * /G (see Section 6) has G as its symmetry group. That explains the inadequacy of the point of view of sheaves over the naive quotient X/G. The peculiarity of a sheaf is that what is known at a point is known unambiguously at all sufficiently near points, and that excludes the possibility of branching. 43 These simple remarks were developed in Satake's theory of V -manifolds (called "orbifolds" by Thurston), which have found numerous applications in mathematical physics.
The question of internal symmetries is very acute in elementary particle physics. The Kaluza-Klein model was introduced in the 1920s in an attempt to unify electromagnetism and gravitation. By way of illustration, let us first consider the surface of a circular cylinder with axis D and radius r (the set of points in 3-dimensional space lying at distance r from the line D). Every plane perpendicular to the axis cuts the cylinder in a circle of radius r, and the cylinder is the union of these pairwise-disjoint circles. If the radius r is very small, each of the circles can be identified with its center, and the cylinder becomes indistinguishable from its axis. The transversal dimension has become compactified. To be sure, each circle has its rotation group Γ, and this group is not to be forgotten when the circle is contracted to its center. One can thus introduce Γ as the group of internal symmetries of each point of the line D by adjoining an additional dimension. In more technical terms, the cylinder appears as the principal bundle with base D and group Γ. Returning to the Kaluza-Klein model, we replace the 4-dimensional space-time M 4 by a 5-dimensional space by blowing up each point of M 4 into a "very small" circle. The group of internal symmetries thus associated with each point is the preceding group Γ = SO (2), which appears implicitly in the change of gauge of electromagnetic potential.
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41 By the Gelfand-Naimark-Segal theorem, for any pure state η on the C * -algebra A there exists an irreducible involutive representation πη : A → L(hη) and a vector ψη in the Hilbert space hη such that η(S) = ψη|πη(S)|ψη for S in A. We introduce an equivalence relation on the set of pure states by setting η ≡ η if πη is equivalent to π η . Then a point of A is an equivalence class of pure states. 42 The set of elements g of G such that g · x = x. 43 The phenomenon of branching is well known for analytic functions of a complex variable.
At a branch point z 0 of order n it is necessary to use power series in (z − z 0 ) 1 n , but this nth root has n branches near z 0 . These n branches permute cyclically among themselves, whence arises the idea of a cyclic group at the point z 0 whose order n is the order of the branching.
44 Denoting the components of electromagnetic potential by Aµ, we find that the components of the electromagnetic field are Fµν = ∂µAν − ∂ν Aµ. The indices µ and ν assume the values 0, 1, 2, 3 corresponding to coordinates x 0 , x 1 , x 2 , x 3 in space-time, and we have used the notation
In an attempt to take account of other fields besides the electromagnetic field and other particles besides electrons and photons, the same strategy was applied, with the group SO (2) (isomorphic to U (1)) being replaced by the groups SU (2) and SU (3), or even more complicated groups such as E 8 in certain models. The 4-dimensional space M 4 is replaced by a space of 4 + d dimensions, where d is the dimension of the group. In the 1960s an attempt was made to unify the Poincaré group of external symmetries of space-time with the group of internal symmetries. This unification was thwarted for mathematical reasons.
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Grothendieck's point of view makes it possible to introduce the symmetry group of a point. The fundamental remark is the following: suppose one is given two categories C and C . One can define transformations of categories (called "functors"), say T : C → C , and also transformations between functors according to the following scheme:
Functors can be composed, as can transformations between functors. One can therefore speak of the automorphism group of a functor, T : C → C , namely the transformations T Φ ⇒ T that have an inverse. Since a point in the sense of Grothendieck is interpreted as a functor between topos, the trick has worked: the point has a symmetry group. For example, if X is a topological space and a a point of X, Grothendieck defines the fundamental group π 1 (X; a) of X at the point a as the automorphism group of the fiber functor a * restricted to the subtopos F lc (X) of locally constant sheaves over X a * : F lc (X) → Set.
In other words, the fundamental group π 1 (X; a) is regarded as the symmetry group of the point a. Thanks to the introduction of the spectrum of a field, the Galois group Gal (K/k) of a field extension can also be interpreted as the symmetry group of a point! The same idea can be applied to reinterpret the Tannaka-Krein duality theorem. Let G be a compact group. We can introduce the category Rep G whose objects are continuous finite-dimensional linear representations of the group G. 46 We also introduce the category Vect f formed of complex finite-dimensional vector spaces and linear transformations. The "fiber" functor Φ : Rep G → Vect f associates with a representation π the vector space V π on which it acts. The group G can ∂µ = ∂/∂x µ . A change of gauge amounts to replacing Aµ by Aµ + ∂µΦ, which makes no change in the Fµν . But prescribing Φ defines at each point x of M 4 a rotation through angle eΦ(x)/ of the circle expressing the internal symmetry of x. We remind the reader that e denotes the elementary electric charge, and = h/2π, where h is the Planck constant.
45 By classical theorems ofÉlie Cartan, one cannot construct any group that is a genuine extension of the external group by the internal group. The best one can do is to form the direct product, that is, to forbid them to interact.
46 Let π be a representation of G on the space Vπ and π on the space V π . A transformation of π into π is a linear mapping T of Vπ into V π such that T π(g) = π (g)T for every element g of G.
